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1. Introduction

Motivation

Stochastic heat equation:

— Statistical consequences of jumps?

Commnm
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Applications (examples)

Mathematical Finance: model asset prices with jumps and heavy
tails, portfolio optimisation under market shocks;

Physics: systems with burst-like energy injections, phase transitions
with rare and large fluctuations, water pollution detection;

Biology (Epidemiology): population dynamics with catastrophic
events, spread of diseases with sudden outbreaks;

Materials Science: surface deposition with sporadic events,
dislocation dynamics in crystals, crack propagation.
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2. Notation and setup

Let D C RY be some geometrically well-behaved domain, and let —A be
a non-negative, self-adjoint, strongly elliptic differential operator of order
2p € 2N.
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2. Notation and setup

Let D C RY be some geometrically well-behaved domain, and let —A be
a non-negative, self-adjoint, strongly elliptic differential operator of order
2p € 2N. For unknown 9 > 0, subject to estimation, we want to study
du(t,x) = YA u(t,x) dt +dL(t,x) for(t,x) € (0, T]x D,
u(0,x) = uo(x) forx € D, (SPDE)
u(t,x) = 0 for (t,x) € [0, T] x OD.
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Let D C RY be some geometrically well-behaved domain, and let —A be
a non-negative, self-adjoint, strongly elliptic differential operator of order
2p € 2N. For unknown 9 > 0, subject to estimation, we want to study

du(t,x) = YA u(t,x) dt +dL(t,x) for(t,x) € (0, T]x D,
u(0,x) = uo(x) forx € D, (SPDE)
u(t,x) = 0 for (t,x) € [0, T] x 9D.

~~ How to formalise driving "'Lévy noise' dL?

Definition (Lévy process)

A stochastic process L := (L(t)) is called a Lévy process iff
(i) L(0)=0, P-ass.;

(ii) increments of L are independent and stationary;

te[0,T]

(iii) L is continuous in probability.
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~~ How to formalise driving "'Lévy noise' dL?

Definition (Lévy process)

A stochastic process L := (L(t))
(i) L(0)=0, P-ass.;

(ii) increments of L are independent and stationary;

te[0.7] is called a Lévy process iff

(iii) L is continuous in probability.

Let (Ao, €n), . be an eigensystem of A with ONB in L?(D).

~ Series expansion approach by [ , Sec. 4.8]:

L(t) =320 La(t) - en = 3200 (L(t), en)2py - n Y E€[O, T].
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Real-valued Lévy processes

REMINDER: L(t) = Y77, Lo(t) - €y == Yoy (L(t), €n) 12y - €n
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Real-valued Lévy processes

REMINDER: L(t) = Y77, Lo(t) - €y == Yoy (L(t), €n) 12y - €n

Each L, is characterised by its Lévy—Khinchin triplet (b, o2, p), where
= b € R drift parameter; = o > 0 white noise level,
= p: B(R) — [0, 0] denotes Lévy measure, given by
p(B) = ]E[#{t € [0,1]: ALi(t) £0, AL(t) € B}} VB e B(R),
where ALy(t) = Ly1(t) — L1(t—).
Key result: Lévy—Itd decomposition
Lo(t)= o-Wy(t) + b-t + T,(t), where
——— ~~ ——

drift part

white noise part jump part

= W, independent standard Brownian motions;
= J, cadlag process, independent of each W,,.

Assumption: Vn € N: L, are independent.
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Solution concept and observation scheme (cts. time)

REMINDER: Lévy-driven linear parabolic SPDE model:
{du(nx) = VoA u(t,x) dt +dL(t,x) for (t,x) € (0, T] x D,

u(0,x) = up(x) for x € D (SPDE)
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Solution concept and observation scheme (cts. time)

REMINDER: Lévy-driven linear parabolic SPDE model:

du(t, x) = doAu(t,x) dt +dL(t,x) for (t,x) € (0, T] x D, (SPDE)
u(0,x) = up(x) forx € D
~ Series expansion of (weak) solution (see [ , Ch. 9]):

u(t,x) =72 us(t)en(x), with Langevin dynamics
dun(t) = oA, - un(t) dt +dL,(t) fort € (0, T],
{ u,(0) = (uo,e,,>L2(D) =l Upo.
~ For uV(t,x) i= SN un(t)en(x), LV(t,x) := SN, Lo(t)en(x):

duMN(t,x) = doAuN(t,x) dt +dLN(t,x) for (t,x) € (0, T] x D,
uN(0,x) = ubl (x) for x € D.

Time-continuous observation model:

For t € [0, T], we have access to a complete path t — u™(t,-) on D.
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[llustration

Stochastic heat equation (spectral approach):
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3. Maximum likelihood estimation via spectral approach

Maximum likelihood estimator (MLE): If o > 0, then
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Iy = Jo (A6, dMAE) o . (uM)° cts. martingale part under PN:0.
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Theorem (Altmeyer, TD, Strauch)

Grant the above assumptions (i), (ii).
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Maximum likelihood estimator (MLE): If o > 0, then
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(i) Fourth moments of Lévy processes: V¥ n € N: E[La(t)*] < oc.

(ii) Non-vanishing white noise intensity: o > 0.

Theorem (Altmeyer, TD, Strauch)
Grant the above assumptions (i), (ii). Then, under PN-Yo it holds
NS - (D — Do) <5 N(0,0-E)  as N = oo
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Assumption

N
| |

(i) Fourth moments of Lévy processes: V¥ n € N: E[La(t)*] < oc.

(ii) Non-vanishing white noise intensity: o > 0.

Theorem (Altmeyer, TD, Strauch)

Grant the above assumptions (i), (ii). Then, under PN-Yo it holds
NS - (D — o) < N(0,0p-F) as N — 0o,  where

Y =35(T,0,p,A p,d, D) = m(1 + 4 [ X2 p(dx))_
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Theorem (Altmeyer, TD, Strauch)

Grant the above assumptions (i), (ii). Then, under PN-Yo it holds
NS - (D — Do) < N(0,0p-F) as N — oo,  where

1
Y =%(T,0,p,A p,d,D) = W(l + L [ x® p(dx))
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Theorem (Altmeyer, TD, Strauch)

Grant the above assumptions (i), (ii). Then, under PN-Yo it holds
NS - (D — Do) < N(0,0p-F) as N — oo,  where
Y = Z(T,a, A, p,d, D) = W(l + % foz p(dx))

Example (Lévy-driven stochastic heat equation)

For A = A:

Timo Dérzbach MLE for Lévy-driven Linear Parabolic SPDEs



LA, AW () 20)

REMINDER: under PN, 9y =+ o -
— N JTIAN(E 2 ) dE

Theorem (Altmeyer, TD, Strauch)

Grant the above assumptions (i), (ii). Then, under PN-Yo it holds
NS - (D — Do) < N(0,0p-F) as N — oo,  where
Y = Z(T,a, A, p,d, D) = W(l + % foz p(dx))

Example (Lévy-driven stochastic heat equation)

For A== A: Ca(d,D) = 4r? d+2 (wa - Ad(D))iz/d'

with wy volume of d-dimensional unit ball.
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Theorem (Altmeyer, TD, Strauch)

Grant the above assumptions (i), (ii). Then, under PN-Yo it holds
NS - (D — Do) < N(0,0p-F) as N — oo,  where

Y =3(T,0,p,A p,d,D) = m(l + L X2 p(dx)>

Example (Lévy-driven stochastic heat equation)

For A== A: Ca(d,D) = 4r? d+2 (wa - Ad(D))iz/d'

with wy volume of d-dimensional unit ball.

Fixing A?(D) > 0
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Grant the above assumptions (i), (ii). Then, under PN-Yo it holds
NS - (D — Do) < N(0,0p-F) as N — oo,  where
Y = Z(T,a, A, p,d, D) = W(l + % foz p(dx))

Example (Lévy-driven stochastic heat equation)

For A== A: Ca(d,D) = 4r? d+2 (wa - Ad(D))iz/d'

with wy volume of d-dimensional unit ball.
Fixing A%(D) >0 =— Y ~d! asd— .

~~ Concentration of measure.
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4. Discrete observations

REMINDER: Time-continous observation model:

For t € [0, T], we have access to a complete path t — u"(t,-) on D.
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For t € [0, T], we have access to a complete path t — u"(t,-) on D.

Time-discrete observation model:

For some M € N and tm::%-Tforanyme{O,l,...,M},

we have access to u"(ty,-), u"(t1,-),...,u"(ty,-) on D.
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REMINDER: Time-continous observation model:

For t € [0, T], we have access to a complete path t — u"(t,-) on D.

Time-discrete observation model:

For some M € N and tm::%-Tforanyme{O,l,...,M},

we have access to u"(ty,-), u"(t1,-),...,u"(ty,-) on D.

~Vme{l,....M}: Ay =ty —tmo1, ApX=X(tm)— X(tm-1).
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4. Discrete observations

REMINDER: Time-continous observation model:

For t € [0, T], we have access to a complete path t — u"(t,-) on D.

Time-discrete observation model:

For some M € N and tm::%-Tforanyme{O,l,...,M},

we have access to u"(ty,-), u"(t1,-),...,u"(ty,-) on D.
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S (Au¥ (), d@)e(e) o,

N
L IAuN )12, ) de

REMINDER: under PN, 9y =
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4. Discrete observations

REMINDER: Time-continous observation model:

For t € [0, T], we have access to a complete path t — u"(t,-) on D.

Time-discrete observation model:

For some M € N and tm::%-Tforanyme{O,l,...,M},

we have access to u"(ty,-), u"(t1,-),...,u"(ty,-) on D.

~Vme{l,....M}: Ay =ty —tmo1, ApX=X(tm)— X(tm-1).

S (Au¥ (), d@)e(e) o,

N
L IAuN )12, ) de

Z:\: 1<A M (tm—1,), Am(“N)C(‘)>L2(D)
E AUt 1,)HL2(D) '

REMINDER: under PN, 9y =

~+ Discretised MLE:  Jp p ==
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Spectral jump filtering

M

N
REMINDER: Jy p = 2emetlAY o1 Bn(@) ()2
: S AT (et ) oy B
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Spectral jump filtering

M

N
REMINDER: Ty = 2eacttA (tnot): (@) 0) i)
: S AW 1) agpy B

~~ Make estimator feasible
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Spectral jump filtering

M

= UN m—1,"), Bm Nye
REMINDER: Jy p = 2emetlAY o1 Bn(@) ()2
’ Do AU (1, )2y ) B

~~ Make estimator feasible — introduce jump filter to replace (u)!
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Spectral jump filtering

M

7 u m—1,"), Am b
REMINDER: Oy g = 2enetlA? =10, 80 (@) ()2
- Do AU (1, )2y ) B

~~ Make estimator feasible — introduce jump filter to replace (u)!
Estimator with spectral jump filter:

T (AW (o1, ), Bt () L Bt oy < v} o
S AN (tm1,) 2y - B

Inm =
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Spectral jump filtering

M

7 u m—1,"), Am b
REMINDER: Oy g = 2enetlA? =10, 80 (@) ()2
- Do AU (1, )2y ) B

~~ Make estimator feasible — introduce jump filter to replace (u)!
Estimator with spectral jump filter:

T (AW (o1, ), Bt () L Bt oy < v} o
S AN (tm1,) 2y - B

Inm =
~~ How to choose the threshold sequence (fy m)n,men?
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Spectral jump filtering

M

N
REMINDER: Oy g = 2enetlA? =10, 80 (@) ()2
’ S AT (et ) oy B

~~ Make estimator feasible — introduce jump filter to replace (u)!
Estimator with spectral jump filter:

T (AW (o1, ), Bt () L Bt oy < v} o
Zm:l A uN(tm—1, ')||L2(D) “Am

Inm =
~~ How to choose the threshold sequence (fy m)n,men?
— fN,M = N*. Mfﬂ, for a € R, ﬁ S (0,1/2), with fN,M — 0.
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Spectral jump filtering

M

N
REMINDER: Jy y = 2z {4 (not): 80(e) () )
’ S AT (et ) oy B

~~ Make estimator feasible — introduce jump filter to replace (u)!
Estimator with spectral jump filter:

T (AW (o1, ), Bt () L Bt oy < v} o
Zm:l A uN(tm—1, ')||L2(D) “Am

Inm =
~~ How to choose the threshold sequence (fy m)n,men?
— fN,M = Ne. Mfﬂ, foraeR, g€ (0,1/2), with fN,M — 0.

~» Aim: Control

MLE| discret. |discretised MLE| approx. |jump filter estimator
I error In.m error 5/\/7/\4
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REMINDER:
> (A 1), At O 1] [| 80| 2 ) <A }) 2
> AU (tn—1,) 2 B

where fyp = N*-M=# fora eR, € (0,1/2)

19/\/7/\// =
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REMINDER:
S (A 1), At O At [| oy Som } ) 2o

5/\/ M = 1
’ Emzl\lAuN(tm—17<)\lfz(D)-Am

where fyp = N*-M=# fora eR, € (0,1/2)

Assumption
(i) Fourth moments of Lévy processes: ¥ n € N: E[La(t)*] < oc.

(i) Non-vanishing white noise intensity: o > 0.
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Assumption
(i) Fourth moments of Lévy processes: ¥ n € N: E[La(t)*] < oc.
(i) Non-vanishing white noise intensity: o > 0.

(iii) Stationarity: solution u to (SPDE) is weakly stationary in time.
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(i) Non-vanishing white noise intensity: o > 0.
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(iv) Space-time coupling: M ~ N¢ as N, M — oo, for ¢ > 0.
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5/\/ M = 1
’ Emzl\lAuN(tm—17<)\lfz(D)-Am

where fyp = N*-M=# fora eR, € (0,1/2)

Assumption
(i) Fourth moments of Lévy processes: ¥ n € N: E[La(t)*] < oc.

(i) Non-vanishing white noise intensity: o > 0.

(iii) Stationarity: solution u to (SPDE) is weakly stationary in time.
(iv) Space-time coupling: M ~ N¢ as N, M — oo, for ¢ > 0.

(v) Technical assumptions on small and big jumps.
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S (A 1), At O At [| oy Som } ) 2o

5/\/ M = 1
’ Emzl\lAuN(tm—17<)\lfz(D)-Am

where fyp = N*-M=# fora eR, € (0,1/2)

Assumption
(i) Fourth moments of Lévy processes: ¥ n € N: E[La(t)*] < oc.

(i) Non-vanishing white noise intensity: o > 0.
(iii) Stationarity: solution u to (SPDE) is weakly stationary in time.
(iv) Space-time coupling: M ~ N¢ as N, M — oo, for ¢ > 0.

(v) Technical assumptions on small and big jumps.

Theorem (Altmeyer, TD, Strauch)

Grant the above assumptions (i)—(v).
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REMINDER:
S (A 1), At O At [| oy Som } ) 2o

5/\/ M = 1
’ Emzl\lAuN(tm—17<)\lfz(D)-Am

where fyp = N*-M=# fora eR, € (0,1/2)

Assumption
(i) Fourth moments of Lévy processes: ¥ n € N: E[La(t)*] < oc.
(i) Non-vanishing white noise intensity: o > 0.
(iii) Stationarity: solution u to (SPDE) is weakly stationary in time.
(iv) Space-time coupling: M ~ N¢ as N, M — oo, for ¢ > 0.

(v) Technical assumptions on small and big jumps.

Theorem (Altmeyer, TD, Strauch)

Grant the above assumptions (i)—(v). Then, if ¢ > 2p/d + 3 and
p/d+3/2—c(l/2—-B)<a<ch
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REMINDER:
E:’ﬂ <A”N(t’" 1), Amu"(:) I{HA ”NHLZ(D <fN’M}>L2(D)

Inm = ,
A5 S AN (1, )2 ) A
where fypy = N*-M=P fora€eR, g€ (0, 1/2)

|

Assumption
(i) Fourth moments of Lévy processes: ¥ n € N: E[La(t)*] < oc.
(i) Non-vanishing white noise intensity: o > 0.
(iii) Stationarity: solution u to (SPDE) is weakly stationary in time.
(iv) Space-time coupling: M ~ N¢ as N, M — oo, for ¢ > 0.

(v) Technical assumptions on small and big jumps.

Theorem (Altmeyer, TD, Strauch)

Grant the above assumptions (i)—(v). Then, if ¢ > 2p/d + 3 and
p/d+3/2—c(1/2 - 6) < a < cfB, under PN-%0 jt holds

dﬂp (19/\/ M — 19()) —) N(O 190 ) as N, M — .

Timo Dérzbach MLE for Lévy-driven Linear Parabolic SPDEs



5. Conclusion
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5. Conclusion

Summary

» Introduced stat. accessible setup (spectral observations) for
Lévy-driven linear parabolic SPDEs;

= derived ML-based estimators and discussed their feasibility for
time-continuous and time-discrete observations;

= found sufficient conditions for establishing a spectral jump filter
into the SPDE setup;

= obtained central limit theorems that attain the benchmark
convergence rate of the white noise setting; studied the influence
of (temporal) jumps on the asymptotic variance.
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5. Conclusion

Summary

Introduced stat. accessible setup (spectral observations) for
Lévy-driven linear parabolic SPDEs;

derived ML-based estimators and discussed their feasibility for
time-continuous and time-discrete observations;

found sufficient conditions for establishing a spectral jump filter
into the SPDE setup;

obtained central limit theorems that attain the benchmark
convergence rate of the white noise setting; studied the influence
of (temporal) jumps on the asymptotic variance.

Outlook

Establish other estimation methods for possibly unknown or
entirely different parameters — non-parametric estimation;

consider non-parabolic or non-linear SPDEs with jumps;

model (correlated) spatial jumps and examine their influence on
statistics; study more physical observation models (local
measurements) — spatial asymptotics;

numerical studies and applications to data.
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